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 o1 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  o2  o1  o3  o2  o4 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 f(o1, o2, o3, o4, o5, o6)
 3 4 7 5 6 10
o1 3 4 7 5 6 10
o2 0 3 4 7 5 6
o3 0 0 3 4 7 5
o4 0 0 0 3 4 7
o5 0 0 0 0 3 4
































30 × 1920 × 1080 = 62, 208, 000Hz
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30 × 720× 480 = 10, 368, 000Hz
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w ::= u(v)
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[1.w]p = [w]p−1 + 1y±
p > 1
{_x





 ~te6{rtyv_x  qe¶xceIZo





(10)  (01)  0(01)  (001)










∀p ≥ 1, [w t w′]p = max([w]p, [w
′]p)
∀p ≥ 1, [w u w′]p = min([w]p, [w
′]p).
³ ¥³
1(10) t (01) = (01)
{xG
1(10) u (01) = 1(10)
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w = u.v[1] · · · v[p].
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(v[p + 1] · · · v[p + |v|])n/|v|
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 |v|1 ≤ |v′|1   p = |u′|1−|u|1   r = [v]p    Í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clk ::= w | clk on w









qe6xcvrUe6p{ Ë¼Ò # Ê Ë  Q 







clk 0 1 0 1 0 1 0 1 0 1 ... (01)
w 1 0 1 0 1 ... (101)
clk
5 D




0.w on w′ = 0. (w on w′)
1.w on 0.w′ = 0. (w on w′)
1.w on 1.w′ = 1. (w on w′)
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e ::= x | i | (e, e) | e  ;; x = e | e(e)
| e  7 e | e  ;<D pe | 3;; pe e e
|  : 9 e | :HDE e | e 9 9 e
d ::=
D!5NE;
x(x) = e | d; d
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σ ::= ∀α1, ..., αm.ct






H ::= [x1 : σ1, ..., xm : σm]
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ct′[ ~ck/~α] ≤ ∀~α.ct′
fgen(ct) = ∀α1, ..., αm.ct
´iace6~te




















P, H ` e : ct
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P, H ` i : ck
ct ≤ H(x) 
	
P, H ` x : ct
P, H ` e1 : ck P, H ` e2 : ck 

P, H ` op(e1, e2) : ck
P, H ` e1 : ck P, H ` e2 : ck 
P, H ` e1  7 e2 : ck
P, H ` e : ck P ` pe 
P, H ` e  ;<D pe : ck 5<D pe
P ` pe H ` e1 : ck
5<D





pe e1 e2 : ck
P, H ` e1 : ct2 → ct1 P, H ` e2 : ct2 
P, H ` e1(e2) : ct1
P, H, x : ct ` e : ct P, H, x : ct ` e′ : ct′  
P, H ` e′  ;; x = e : ct′
P, H ` e1 : ct1 P, H ` e2 : ct2 !
P, H ` (e1, e2) : ct1 × ct2
P, H ` e : ct1 × ct2 "	
P, H `  : 9 e : ct1










f(x) = e : [f : fgen(ct1 → ct2)]
P ` pe $%
#
P ` 4 ;1G 5FE p = pe : [p : pe]
H ` d1 : H1 H, H1 ` d2 : H2 #
&
H ` d1; d2 : H1, H2
P ` dp1 : P1 P, P1 ` dp2 : P2 #
' 
P ` dp1; dp2 : P1, P2
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yxÉmZeIu¼rtyv_xÉc³ c³Ncv_~Ud{o4µ´eºyxqwurty_e6o qe¶Gxce{ #s¥_~UeeIqo % wcxy¶e6~ (V (w, w′), V ′(w, w′)) {_p±²v4v´pH
V (1.w, 1.w′) = 1.V (w, w′) V (0.w, 0.w′) = 1.V (w, w′)
V ′(1.w, 1.w′) = 1.V ′(w, w′) V ′(0.w, 0.w′) = 1.V ′(w, w′)
V (1.w, 0.w′) = 0.V (1.w, w′) V (0.w, 1.w′) = 1.V (w, 1.w′)








w 0 1 0 1 0 1 0 1 0 1 ... (01)
w′ 1 0 1 0 1 1 0 1 ... 10(101)
v 1 1 1 1 1 1 1 1 1 1 ... (1)
v′ 0 1 1 1 1 1 0 1 1 1 ... 011(1110)
v
5<D
























|c| = |c′| = max([a]1 − [a′]1) + max
(




























([a]i − [a]i−1) − ([a′]i − [a′]i−1)
) +y±
[a]j ≤ [a′]jÂ rUace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c[nj + k] = 1
±²v4~
k = 0...[a]j − [a]j−1
c′[nj + k] = 1
±²v_~
k = 0...[a′]j − 1
{x
k = [a]j − [a]j−1
c′[nj + k] = 0
±²v_~
k = [a′]j − 1...[a]j − [a]j−1] − 1
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m   [m]1 = min([w]1, [w′]1)  ÏF
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Ð [m]p+1 − [m]p = [w]p+1 − [w]p ÑÐ [m]p+1 − [m]p = [w′]p+1 − [w′]p     Í+Î
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pta{Æ´i~tyrte  Q f = limn→∞fn(ε) ±²v4~rtace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T⊥ = T + {⊥}ÑIÎ$
 Ê   )0Ð[







clock(⊥.s) = false .clock (s)
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#
rtvNcypsrtyxc¥_wypta¹rtace	ptoZxPrU{_urtyzuuv4xprU~twGu¼r	Â²e4³ ¥G³  7R±²~tv4d£yrUpyxPrte6~tc~Uer|{rUyv4x{_pi{psrt~Ue6{_dØrt~|{xps±²v_~Ude~¼Ä¼³
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const# i true.s = i.const# i s
const# i false.s = ⊥.const# i s
base# = true.base#





op#(⊥.s1,⊥.s2) = ⊥.op#(s1, s2)
op#(v1.s1, v2.s2) = (v1 op v2).op
#(s1, s2)
fby#(ε, s) = ε
fby#(⊥.s1,⊥.s2) = ⊥.fby#(s1, s2)
fby#(v1.s1, v2.s2) = v1.fby1
#(v2, s1, s2)
fby1#(v, ε, s) = ε
fby1#(v,⊥.s1,⊥.s2) = ⊥.fby1#(v, s1, s2)
fby1#(v, v1.s1, v2.s2) = v.fby1
#(v2, s1, s2)
when#(ε, c) = ε
when#(⊥.s, c) = ⊥.when#(s, c)
when#(v.s1, 1.s2) = x.when
#(s1, s2)
when#(v.s1, 0.s2) = ⊥.when#(s1, s2)





merge#(1.s1, v.s2,⊥.s3) = x.merge
#(s1, s2, s3)
merge#(0.s1,⊥.s2, v.s3) = y.merge#(s1, s2, s3)
not#1.s = 0.not#s
not#0.s = 1.not#s
on#(1.s, 1.c) = 1.on#(s, c)
on#(1.s, 0.c) = 0.on#(s, c)













[[ct1 → ct2]]P = [[[ct1]]P → [[ct2]]P ]
[[ct1 × ct2]]P = [[ct1]]P × [[ct2]]P
s ∈ [[∀α1, ..., αn.ct]]P =
±²v_~{_
ck1, ..., ckn,
s ∈ [[ct[ck1/α1, ..., ckn/αn]]]P










x = x + 1´iayu|ayp´eÆuvZu|»4e6 ÂÃptyxue















[[P, H ` e : ct]]ρ
ptwu|arta{r
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 $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`aeÉqv´ixpUu{_e6~NeÇc{dce·acy¥_ay¥_aPrUp { ±²wcx{dexPrU{_c~Uv_e6d rUvrtae·edgGeIcqyxc¥ v_±Zyzqev
psrt~Ue6{_dyxc¥{_ccyu6{rtyv_xGpyxR{ptoPxGu|ac~tv4xcv_wGp2~tv4¥_~|{ddyxc¥gdvZceL³2`aceqeIpsy¥_xe~iv± rUex¾a{4pi¥_vZvq
~Ue6{4psv4xpSrtv {cco {NpsoZxu|a~tv4xcv_wpv_+e~|{rtv4~ºÂ²e4³ ¥G³rtae{_qyrUyv4xGÄv4x r´2vDu|aG{xcxce6p´iyrUaÉqy¿+e6~s°
e6xPrXuvqu|»Zp6v4~irtvuv_d+v4pte,r´v	psoZxu|a~tv4xcv_wp~tvqueIptpte6p´iav4ptepsy¥_xG{rtw~teIpqvºxcv_rd{r|u|aHGv4~irtv
ydGvPpse{ºG{~trtyzuwcz{~uvqu|»´iayu|a¹qvZe6pXxcvrd{rUu|a¹{xZoRpsv4wcrtyv_xNv_±rtaceuv4xpsrt~|{yx4r|peIÀPw{rUyv4xp³
xGqeeIÆÆyx d{xZoRu{_pte6p6+rtaceuv4xqÓyzu¼rUyxc¥¾uvqu|»qpd{FoRGe #t{d9vPprSycexPrtyzu{_ % ;y0³ e_³;rtace6oRa{F_ertacepU{de{4psoZdqrtv_rtyzuSc~tvqqwGu¼rtyv_x¾~|{rUe_³2`ayp{4q_vqu6{rteIp±²v_~{dv_~Ue,~Uez{Çqe6yxPrUe~Uc~terU{rtyv_xv±psoZxq°
u|a~tv4xcyptd¾³ hXwc~9d{yxÉuv4xPrt~Uycwcrtyv_x·yzpg{ uvqu|» u6{zuwcwprtv¹{_uueqrgrtace¾uv4dGvPpsyrtyv_x·v_±uvqu|»Zp
´iayu|a¾{~Ue#s{_dv4psre6ÀPw{ % ³
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[[P, H ` op(e1, e2) : ck]]ρ = op#([[P, H ` e1 : ck]]ρ, [[P, H ` e2 : ck]]ρ)
[[P, H ` x : ct]]ρ = ρ(x)
[[P, H ` i : ck]]ρ = i#[[ck]]P
[[P, H ` e1  7 e2 : ck]]ρ = fby#([[P, H ` e1 : ck]]ρ, [[P, H ` e2 : ck]]ρ)
[[P, H ` e  ;<D pe : ck 5<D pe]]ρ = when#([[P, H ` e : ck]]ρ, P (pe))
[[P, H `
3;;
pe e1 e2 : ck]]ρ = merge
#(P (pe), [[P, H ` e1 : ck
5<D
pe]]ρ,
[[P, H ` e2 : ck
5<DLD!5 9
pe]]ρ)
[[P, H ` e1(e2) : ct2]]ρ = ([[P, H ` e1 : ct1 → ct2]]ρ) ([[P, H ` e2 : ct1]]ρ)
[[P, H ` e1, e2 : ct1 × ct2]]ρ = ([[P, H ` e1 : ct1]]ρ, [[P, H ` e2 : ct2]]ρ)
[[P, H `  : 9 s1, s2 : ct1]]ρ = s1 ´iae~Ue s1, s2 = [[P, H ` e : ct1 × ct2]]ρ
[[P, H `
: DE
s1, s2 : ct2]]ρ = s2
´iae~Ue
s1, s2 = [[P, H ` e : ct1 × ct2]]ρ
[[P, H ` e′  ;; x = e : ct′]]ρ = [[P, H, x : ct ` e′ : ct′]]ρ[x∞/x]
´iace~Ue
x∞ =
 Q (d 7→ [[P, H, x : ct ` e : ct]]ρ[d/x])
JP, H `
D!5FE;
f(x) = e :
fgen(ct1 → ct2)Kρ = [(d 7→ [[P, H, x : ct1 ` e : ct2]]ρ[d/x])/f ]
y¥_wc~Ue,¤FHmZoZxu|ac~Uv_xcv4wp×X{rU{°0Óv´AmZed{xPrUyu6pv_e~f2vqu|»_e6¾mZeIÀ4wexue6p
 Û N © NÃß E M3
)iÒZË9Î|ÑÍcË,$
Ð	)+Z?ÑÎÑIÎË clk1  Í/ clk2  ( 
gË  Ì) Ï  )Q)²ÏF
 clki  Ð[
 psoZxu|a~tv_°xyÅI{ce  Í/Z<
 :
Í+Ñ) 
 clk1 ./ clk2   ) Ï
Ð[
 




 . )  
  ÍcË])²Ï  )XZ<
Î  Í $
E  Ì clk1 # Ì d′ )*ÃÎËËÑ") Ï  ) )²ÏF
 1 Ñ	# clk2 ÑIÎ|ÎÒqÐ # 
 #ÑÐ[
)²ÏF
  Ñ	# clk1  Í/ÎUÑÍU!
Ð|Ë
 Ì 
 P « L + Û C  
1(10)
 Í (01)  Ð[











 Í (10)  Ð[
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)WÒZËÎ|ÑÍcË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Í+Ñ!)  )+ÃÑÍ b1(clk1)  
  ÍcËD) Ï  )XZ<
Ë|ÌÍ;ÎUÏqÐtÑÍ G
 clk1 Z K)²Ï b1  Í/")²ÏF
Ë¼ÌÍ;ÎUÏqÐtÑÍ 
 ÐtÑGÒÎ) zË )²ÏF
9ÎEÑIÎ 0d.clk2 ! ÏF
Ë)ÑÐ  $
9Ñ# b1  Í b2 zË # ÑÒqÍ/:




 ª ßHß U³ L # Ò1
ÐgÑ	#,ËG
 d + d′ zËY
Í+ÑÒ:IÏ+#ÑÐ # Ñ) Ï Î  Ë
Ë  . Í:

  
  ÎUÏ 1 ZWÐK)+) 
Í # Ì clk1 Z KK# 
SÐ[
    )  ÑË) d′ )+ÃÎË]  ) 




 1  Ð
XË)ÑÐ
















 ª ßKL?ß ¨ N © NÃß  ÑÍcË,:
Ð )*Z?Ñ  
ÐÃÑÃÎgÎÑIÎË ck = u(v)  Í/ ck′ = u′(v′)  ÑIÎË ck  Í/ ck′ Ð[
 psoZxu|a~tv4xcyÅI{ce  :
Í+Ñ) 








Ð Z?ÑÐ[Ë4  ck ./ ck′  
  ÍË ck  Í ck′ Ï  UB
 )²ÏF
	Ë ! 
ÍÒ  T# 




  Ë¼Ì  Q )YÑ)*ÃÎ  ÐtÑGÒÎ)*ÃÑÍ½Ð  ) 
  . )  ÈËÑ  
  ÍcËN)²ÏF
 n Ê )²Ï  Ñ	# ck zË  )  # ÑÒqÍ/:

zË)  Í+Î
 #|ÐUÑ  ) Ï
 n Ê )²Ï  Ñ	# ck′ 
 ª ßHß U³ ÐtÑ  Ð[
  	 Ð[    Z<
DÎ|ÑÍcË,:
Ð clk1 = u(v)  Í/ clk2 = u′(v′) Z K)²Ï |u| = |u′|  Í/
|v| = |v′|
 ! ÏqÒZË clk1 = u(v) ./ clk2 = u′(v′)   )²ÏF
Ð[
N
Q$zË)0Ë d, d′ Ë¼ÒÎUÏ )²Ï  ) ∀w v clk2[1..|u|+
|v|+d], w′ v 0d.clk2[1..|u|+|v|]
  |w| = |w′| ⇒ |w|1 ≥ |w′|1
 Í/ ∀w v 0d′clk1[1..|u|+|v|], w′ v
clk2[1..|u|+ |v| + d′], |w| = |w′| ⇒ |w|1 ≥ |w′|1




  Q 
ËÑ	# Í K) 

%
Í )²Ï ≤ |u| + |v| + max(d + d′) ! ÏF
Î  Ë
 |v′|1 = 0 zËgË)LÐ   FÏ ) #ÑÐZ  Ð[  M7
)ÒZË  Ë|Ë|Ò  




zËË¼Ì  " 
)0ÐÃÎ   
|Î  ÒZË
Ñ	#Ð[
  	 Ð[   K)  
  ÍË |v|1/|v′|1 > 1 )! ÏF
Í K)
Í)  K Ë)²Ï  ) (v)  Í (v′)  Ð
RÍ+Ñ),Ë¼ÌÍ+Î|ÏZÐtÑÍ :# 







Í vn Ï  Ë na 1  ÑÐ[
	)²Ï  Í v′n  ! ÏZÒZË vn ≺ 0f(n).v′n ZµÏ
Ð[
 |vn| ≥ f(n) ≥ na Í/ f(n) zË   Í  T X Í )²ÏF
Ë
ÍËE
 ) Ï  ) vn 6≺ 0f(n)−1.v′n . )








E)ÒZË  Ë|Ë¼Ò  
")²Ï  ) |v|1/|v′|1 = |v|/|v′|     Í;Î
 u  Í/ u′  Ð[




   ÑFË)WË¼ÌÍ+Î|ÏZÐtÑÍ :# 
  ( 
Ï  U!
 1r.u ≺ 0p.u′  Í/ 1k.u′ ≺ 0q.u Z K)²Ï r = max(0, |u′|1 − |u|1)  
k = max(0, |u|1 − |u′|1)

(v)   p =   Í {l | l ≤ |u| + r ∧ 1r.u ≺ 0l.u′}  Í/ q =   Í {l | l ≤




  ÈËÑNË|ÌÍ;ÎUÏqÐtÑÍ  :# 
+  )²ÏZÒZË (v) ≺ 0m.(v′)  Í/ (v′) ≺ 0n.(v) ! Ï
Í clk1 ≺ 0p+m+r|v|.clk2  Í/ clk2 ≺ 0q+n+k|v′|.clk1  ( 
 :
  Ì r|v|  ÑÐ[





 zË  )<%
  Ë)ÑÍ/
   Í 
  ÎUÏ F )*) 
Ð¼Í (v)  
   =&@?'"   ? $  O? $) ? 
}?~teIqyu6{rUe
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rUvD+e~Udyr9rtace¾{wcrtv_d{rtyzu
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# T   :
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Ð  Ñ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Γ ` e : S S <: T   	 )













  µÛ ! O§ Ý  XÜ L N   	 + Û iez{rUyv4x
<:
qe¶Gxce6pW{Spswcc°0roZcyxc¥S~twce  	 ) v_xuvZu|»,psrt~Ue6{_d\roP+e6pH
P, H `s e : ck
5<D
pe1 pe1 <: pe2  	 )



































f(x) = y  ;;
y = (x  ;<D (01)) + (x  ;<D 1(10))
Oer
e1







f : α → ckf





















































P, H `s e1 : ck
5 D
pe1 P, H `s e2 : ck
5<D
pe2 pe1 <: 0
dpe2 ()	*) 












(x  ;<D (1001))  ;;
y = (x  ; D (01)) + (x  ;<D 1(10))
® e~te6Pyv_wGpso9uv_dcwqrUe6ºrta{r







P, H `s x : a
5<D
(01) (01) <: 0(1001)
P, H `s y
9 9
(x  ;<D (1001)) : a 5<D 0(1001)
yx{o_
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P, H ` e : ct
´iyrUa¹rtace
~Uwce  	 ) ³G`ace~twce6pi{_~te¥4y4exyx¶¥_w~te P ³
`aZwp6_psrU{~trtyxc¥±²~tv4d {SpsrU{_xc{_~Uuvqu|»u6{zuwcwp´iacv4ptecwc~UGvPpse2yprUvX~UeeIu¼rWxcv_xc°YptoZxu|ac~Uv_xcv4wp
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 %
P, H `s i : ck
ct ≤ H(x) 
	
P, H `s x : ct
P, H `s e1 : ck P, H `s e2 : ck 
P, H `s op(e1, e2) : ck
P, H `s e1 : ck P, H `s e2 : ck &
P, H `s e1  7 e2 : ck
P, H `s e : ck P `s pe  

P, H `s e  ; D pe : ck 5<D pe
P `s pe H `s e1 : ck
5<D





pe e1 e2 : ck
P, H `s e1 : ct2 → ct1 P, H `s e2 : ct2 
P, H `s e1(e2) : ct1
P, H, x : ct `s e : ct P, H, x : ct `s e′ : ct′  $
P, H `s e′  ;; x = e : ct′
P, H `s e1 : ct1 P, H `s e2 : ct2 !
P, H `s (e1, e2) : ct1 × ct2
P, H `s e : ct1 × ct2 &	*$
P, H `s  : 9 e : ct1










f(x) = e : [f : fgen(ct1 → ct2)]
P, H `s e : ck
5<D
pe1 pe1 <: pe2  	 )
P, H `s e : ck
5 D
pe2
P, H `s e1 : ck
5 D
pe1 P, H `s e2 : ck
5<D
pe2 pe1 <: 0
dpe2 ()	*) 
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ÐÃÑG!ÃÎRÎÑ6ÎË w  Í/ w′  ! ÏF
:
  Ì )YÑ¾Ë|ÌÍ ÊÎ|ÏZÐUÑÍG
 w Z K)²Ï  Í   ] ÑËE
ÎEÑ6Î w′ Î  Í # 
  ÒR)YÑ  	 )*ÃÎ  K ÌÎ|Ñ  ] ÒR) 
 # ÌT) Ï
 #ÑÐ  ÒR 
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E  Ì zËY
 ]
|ÎE)+KU!
E Ì	Î|Ñ  Q ÒR) $# 
Y)²Ï  Í Ë )Ñ
  T Ð[  
 ª ßHß U³ . Í/:

  
) d = max(maxp([w]p − [w′]p), 0)  Í/ v = 0d.w′ Z<
gÏ  U!
 w  v Ë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